Space Charge Induced Beam Emittance Growth
and Halo Formation

Space charge effect resulted in beam emittance growth are typically can
be divided by two classes:

(i) single particle dynamics in collective space charge field of “pseudo”
multipoles (incoherent space charge effects):

Space charge aberrations

“Free Energy” effect

Excitation of nonlinear resonances
Particle-core interaction

(ii) instabilities and resonances of beam distribution (coherent space
charge effects).
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Effect of Space Charge Aberration on Beam Emittance

Space charge density and space charge field of the beam with Gaussian distribution are

given by
. | ré
pro)= exp(-2 =2~
3 ER(% ﬁc R(%
I 1 Fe
e e e Ep = —[1-exp(-2-2-)]
2mEyBe To R2
Eb . . . . .
. Nonlinear function in space charge field is expanded as
E“ Cen ™ 2 2 4
f(ro) =1-exp(-2 r‘—’z) =32 "’2 - 2’””4 s
P RO R() R()

At the initial stage of beam emittance growth we can assume, that particle radius is
unchanged, while the slope of the trajectory is changed. It gives us the nonlinear
transformation:

=,
S 2 2
r=ro+2Z§ ro'zzf l’(‘j’
R() R()
D
where P =2l

- is the generalized perveance, I =4ne mc’/q is the characteristic
LBy’
beam current.
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Effect of Space Charge Aberration on Beam Emittance

Parameter v, which determines effect of spherical abberation on
beam emittance is

C,R; 4 1z

> By

Therefore, space charge induced beam emittance growth in free

space 1s:
. _ I 7z
z =\/1+K( =)
3 I.By >

Parameter K was determined numerically for different distributins.
Results are summarized in Table. As follows from above equation,

initial emittance growth does not depend on initial beam radius.
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Gaussian 0.55
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Experimental Observation of Effect of Nonlinear Space
Charge Forces on Beam

E= 750.0 Ke¥

: b*g = 0.04000

- Polarity: +
4 Scale: 1 mA

XP-PROJ

x File:
L /epics/1cs/data/en/
console/enitdata.22693

XP-AXIS

X-AXIS

2.51 cm by 28.;\;F\

Chefpon 4

e

=

1

B 3

- - - CO

T «Qm
-

o o N

- - 20w

O HOElI

N mgOI

4 pi

mmmmeo0
DOt~y NC

= OONOR Oww
S0300
S353

=

Beam thru_t
Tota

Clctr Pos=

Jaw Pos =

=
X
3
=
31

-1 0
o

WICT WOl |

NN T T RGIOWO ONNO

(Y.B. et al, Proc. of PAC2011, p. 64)

1% Los Alamos

NATIONAL LABORATORY

Y. Batygin - USPAS 2021

Emittance

Transport from TBEM1 to EM3
.014 - s

.007

-.007

nA

-.014| Xp vs. X

-1.250 -.625

o

Transport from TBEM1 to EM3
.014, L v :

.007

-.007

= A Ve B

o
N,
ok

ron

-1.250 -.625

61

1.250



Effect of Elliptical Cross Section on Beam Emittance Growth

Suppose that the density is parabolic, given by

Figure 4. Final rms emittance values versus ellipse-aspect
ratio a/b for a beam with parabolic density.

FINAL

INITIAL

Figure 3. Effect of space charge from a parabolic density on
an initial zero-emittance beam. The initial and final phase-

space distributions are shown.

zzi_+l]2
a|1l\b 7

T 920
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(T.Wangler, P.Lapostolle, A.Lombardi, PAC 1993, p.3606)

1% Los Alamos

NATIONAL LABORATORY

Y. Batygin - USPAS 2021

62



Drift FODO Channel
Aok = 4 = L o b s A o w o s b & ] % v, o | I N | [ [ I B N L 5
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Emittance growth of a 50 keV proton beam with current / = 20 mA and
unnormalized emittance 4.64 11 cm mrad in drift space and in FODO
focusing channel for different beam distributions: (solid) simulations,
(dotted) aberration approximation.
1% Los Alamos o3
O3 \ATIONAL LABORATORY Y. Batygln - USPAS 2021

Space Charge Induced Beam Emittance Growth




Space Charge Induced Beam Emittance Growth in a

z=30cm

z=104 cm

~
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Fig. 3.7. Injection of 135 keV, 100 mA, 0.07 = cm mrad proton

beam with Gaussian distribution in a focusing channel with linear
field. It results in

(a) beam uniforming
(b) beam emittance growth
(c) halo formation. 64
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Application of Poynting’s Theorem

Conservation of energy for electromagnetic field (Umov-Poynting’ s theorem)

e, E*
2

N H? -
SIEHdS =—< [ (Ho "1 Eo 0 gy — [ FEav
dt 2
S vV vV
Expression on the left side is an integral of Poynting's vector [1=[E,H]over

surface S surrounding volume V and is equal to the power of electromagnetic
irradiation, or energy of electromagnetic field coming through the surface S per

second. Because beam in propagating in conducting tube, no energy is
transferred through it. The first integral in right side of Poynting theorem is a

change of energy of electromagnetic field per second:
d H®> eF’ dw
T B yay ==
dt 2 2 dt
Second term in right side of Poynting theorem is a change of kinetic energy of
the beam per second:

. d
[JEav==3'W,
’ dt ‘5
For non-relativistic case (no magnetic field):

' N
d (& | E2qV+S Wiin)=0
a2 Zl
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Emittance Growth due to Charge Redistribution

where E is the total electrostatic field in the structure, and Wkin is the kinetic energy of particle:

2 2 2 2 2

+p*+ +

W, =me? 1+ L TP 2,y BT (3.62)
kin (mC)2 zmy

and summation is performed over all particles of the beam. Below consider only transverse
particle motion and kinetic energy, associated with this motion. According to definition of rms
beam values, kinetic energy of particles is:

N
> Wiin =N [<p2>+<pi>] .
i=1

omy (3.63)

. < 2> :(M)2
where rms value of transverse momentum is Px R (3.64)
. . . 2 — 2
In a round beam rms values in both transverse directions are the same, <Pi>=<Py> therefore

1 Ty SR (3.65)
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Emittance Growth due to Charge Redistribution (cont.)

Finally, equation for conservation of total energy can be can be rewritten for matched beam
(Rr= Ro) as

2
§i=\/ 1+ Mo 1y Wi- Wy,
gi ‘LLZ WO

where initial, Wj;, and final, W%, energy stored in electrostatic field are

o) o OO

wi=E| Eds Wr=E| E?ds
2 (0] 2 o Vi
I mc?
d lizati tant | W, =2me,(— )
and normalization constant s . qﬁ}/
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Emittance Growth due to Charge Redistribution (cont.)

Consider beam with initial Gaussian distribution. Initial total field E; is given by:

Er=me” 2L r g Ry (-2

3 3
ol 2 Ee.\'r '
1 1 - Eb
o« ©
= 1 O ° )
B } = E +E
1L 1 = ext b
-2 2oL
_3 lllllllllll ]
g 22 0 1 2 3 e 0 1 2 3
x/R x/R

External focusing field E,,;, space charge field of Gaussian beam E,, and
total field E,,; + E, at initial moment of time.
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Emittance Growth due to Charge Redistribution (cont.)

Final beam distribution is close to uniform with the same value of beam radius R. It is a general
property of space-charge dominated regime, that self-field of the beam almost compensates for
external field within the beam. We can put Ef= 0 within the beam and E; = E,: + E, outside the beam

(——+—), r>R : (3.74)

3 T . T v
1 . .
e T+ Eb .
< . o \
> OF 6 0 .
' = E +E
=1k 1+ ext b
__2-_ -2
3 —2 ] o 1 2 = & I T R R R
x/R x/R
External focusing field E,,;, space charge field E,, and total field E,,; + E, after
beam uniforming. 59
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Emittance Growth due to Charge Redistribution (cont.)

Calculation of “free energy” parameter for Gaussian beam gives:

) [émax , 2 ) (émax )
W.Wf'_Wi - e+ (1-e-287)] &aE- -E+1y &1E=0.077
o Jo é J1 fg’

Free energy parameter for different beam distributions

4D 2D

o . Wi W,

Distribution | Projection %

KV p, 0
Water Bag P _i) 0.01126

R2
Parabolic r 0.02366
p,(1- F)z
2
- r
Gaussian P exp(— F) 0.077 N
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Emittance Growth due to Charge Redistribution (cont.)
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Final emittance growth ratio versus space charge tune
depression for an initial Gaussian beam. Typical space
charge tune depression in linacs y/u, > 0.4.
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Excitation of Single Particle Space-Charge
Induced Nonlinear Resonances

Nonlinear components of oscillating space charge field can excite nonlinear
resonances. Particle dynamics in focusing channel in presence of oscillation

nonlinear field is determined by equation
d’x

Tz +Wx+a,(T)x"" =0

Resonance is excited when particle trajectory is perturbed integer number of
times n per one complete oscillation by a nonlinear field component of the
order n . The lowest-order resonance is the parametric resonance of a linear
oscillator (n = 2) described by Mathie equation.

Beam space charge field contains components of the order n =2, 4, 6,.. Beam
envelope oscillates with the period of focusing structure and constitute
periodic perturbation of single-particle trajectory. Resonance condition for
excitation of single particle nonlinear resonances:

360°

U= ; n=2,3,4,..
n
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Single Particle Nonlinear Resonance of the 4th Order (n = 4)

Space-charge induces single-particle resonance of the 4t order in channels
with u = 360° /4 (D. Jeon et al, PRSTAB 2009). Because phase advance in
presence of space charge forces is y = ug - A y, this resonance of the 4th
order can be excited only in channels with ys; > 90° and u; < 90° . Accelerators
are typically designed with uys < 90° to avoid envelope resonances, and this 4t
order resonance is not excited when u, < 90° .

404
410 410-4 i
4104
2:10 510~ ]
O
E £
5 x 0 ‘
21074
_2.10—4 i
—4-10~4
o 1 | —4-10~4 i
-0.2 -0.1 0.0 0.1 0.2 | | ]
X (Cm) -0.2 -0.1 0.0 0.1 0.2
X (cm)
Excitation of nonlinear resonance of the 4th order in
_ accelerator channel with yg=93°, y; = 63°. 73
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Experimental Observation of Space-Charge Driven Resonance
of 4t Order in Linac (L. Groening et al, LINAC2010)

Matched beam envelope R(3, Oenv) = Ro(Genv) + AR(Gens) - c08(Tenys)
. L L
Radial electric field Bl 18 -1 . + O(r)
" me, - R(s)2Pc 2R(s)?
o Lok €-q
Single-particle trajectory B L iy B
or
Disturbed oscillator with o, as " 4 o2r ~ 3. eloenvs
depressed phase advance
Resonance condition: Oenv = 401 6.
4.
Phase advance of the matched envelope is 360¢, 2
the resonance occurs at o, = 90- g of
T 1
Matchingt\ciDT L Alvarez DTL Section . 1
& '-_. . -8
L T = \/ [# Trans. emittance measurement 32 o 12 =
— 4 B Long. emittance measurement r(mm)
Gas Stripper Re-Buncher [ Beam current transformer
K\j 40 Ar1+ 5 40710+ % E::'s::apr(c::e Figure 1: Distribution of particles at the exit of the periodic
K LOS AI i channel according to the radial particle-core model of the

NATIONAL L, space charge driven transverse 4"-order resgnance.

. Figure 3: Schematic set-up of the experiments (not to
Operated by gcale). , U YA a3
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Experimental Observation of Space-Charge Driven
Resonances (cont.)
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Figure 7: Upper and lower: phase space distributions at the exit of the first DTL tank as obtained from measurements and
from the pynamioN code for phase advances o , of 80°, 100°, and 120°. Left (right) side distributions refer the horizontal
(vertical) plane. The scale is =15 mm and +15 mrad. Fractional intensities refer to the phase space element including
the highest intensity. Center: Mean of horizontal and vertical normalized rms emittance behind the first DTL tank as a
function of the transverse zero current phase advance.
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Halo Development in Particle-Core Interaction

| | | x ST T T T T
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Envelope oscillations of the beam with space charge parameter b=3, amplitude A= 0.2 and
single particle trajectories with initial conditions (a) x,/R,=0.8, (b) x,/R, =1.071, (c) x,/R, =1.728,
(d) x,/R, =1.082.
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Stroboscopic Particle Motion
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Stroboscopic particle trajectories at phase plane (u, du / dt) taken
after each two envelope oscillation periods: (a) x,/R,=0.8, (b) x,/R,=1.071,
(c) x,/R,=1.728, (d) x,/R, =1.082.
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Particle — Core Model

. . R _ dzl" 1 b
Dimensionless r = — beam envelope (core) equation: — +r — - — =
R, dt I+b)yr” {A+Db)r
b u
== u‘Sr
2
Single particle equation of motion = 2 M.m:{ (I+D)r
Re de —b ‘M‘>I"
A+bu’
2 I R’
Space charge parameter b= <
p gep ﬁ}/ I 2

[ beam current
I =4me mc’ /g characteristic beam current
€ normalized beam emittance

B particles velocity,
Y  particle energy
R, radius of the equilibrium envelope

Small intensity beam b= 0

High intensity beam b >> 1 .
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Approximation of Space Charge Field

1.0

1

Field

0.0
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(1) Field of uniformly charged beam
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F=—l (7
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u
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(2) Field approximation:
3
L
A+b) r 4
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Mismatched Envelope Oscillation

d*r 1 b

- ar - _ -0
1 1 % 2+b
Expansions r=1+9 1-9 = 1-39 I (1 > )

Equation for small deviation from equilibrium
r=1+ Acos(2€27)

Envelope oscillation frequency

1+b

0.6

0.4

For small intensity beam b6 =0 r=1+Acos2t

0.2}

For high intensity beam b >>1 r=1+Acosv2T %%
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Harmonic Oscillator with Parametric
Excitation for Single Particle Motion

With field approximation, equation of particle motion is

d?u u’
+u-— =0
dr? (1+b)[(1+ACOSZQT)2 4]
Using expansion 1 ~1-2Ac0s2Q1
(1+ Acos2Q7)
: : : 3
Equation of particle motion Z L2‘+u( )(1+2bAcos2QT)+( )u
T
l/.tz , 2 l/l4
Equation corresponds to Hamiltonian H = 5 o 5 (I=hcos207)+ 7
. . . o’ = L h=-2bA o = b
with the following notations 1+b B 4(1+ b
Y. Batygin - USPAS 2021 81
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Canonical Transformation of Hamiltonian

Change the variables (i, ©) to new variables (O, P) using a

enerating function
& & uP pP? u’

F(u,P,t)= — + o —)teQt
o ) cos QT (20)' 2 e
: : : . Q S TR tgQ 1
Relationships between variables are given by: { P cosQ21 @
p=0f2_ P -0 utg

du cos 27

u=Q coss2 t+L sinQ 1
or { 0]
u=-oQ sinf2 v + Pcos 2 1

T

500 1000

82
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Averaged Hamiltonian

New Hamiltonian K=H+ (i)
0T
2 2 2 2
K = L +@° 0 _oh (QcosQT + £sinQ’L')2 cos2QT + z(QCOSQ’L' + £sinQ’L')4 P Q9 0’
2 2 2 0} 4 0} 20 2
After averaging all time-dependent terms over period of 27/Q
-~ o0 Q h P Q h 3 _, P
K = O l1-——)+—A-—+)+—0o(0° +— ?
2 o 4 2 o 4 32 0]
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Second Canonical Transformation

Change variables (Q,P) to action-angle variables (J, ¥) using generating function

Transformation is given by

New Hamiltonian

with the following notations

1% Los Alamos

AAAAAAAAAAAAAAAAAA

_ o O>
FKQ#0=:ZQ
18y
— 2J .
= ,[—sin
; Q ,/m 4
P=\2J® cosy

K=vJ+xJ>+2yJcos2y

J2-V2+b 3
V=0-Q= K=_—
J2(1+b) 32
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Nonlinear Parametric Resonance

Hamiltonian of averaged motion:

K=vJ+xJ>+2xJcos2y

y=n

Maximum deviation of particle from the

axis X _ |2/
R, \ o
;o (—0+2x)+/8|vx]

w=0 max 2K
/ b b|A| b
1+ —14+——+,]2b|A|(4/1+ - -1
X _ 4] 32 2 2 \/ Al¢ 2 )
R, 3 b
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Nonlinear Parametric Resonance

4 T ] I I | ] |
2= =
o o Y
£ o -
X
Do )
_4 I | 1 | 1 | |
-4 -2 0 2 4
X/R,
Figure 9.12 Stroboscopic plot obtained by core oscillation that gives the minimum core
taking snapshots of many independent radius. Initial particle coordinates were
particle trajectories, once per defined on the x and x” axes.

core-oscillation cycle at the phase of the
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Comparison of Analytical and Numerical Results
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Maximum values of particle deviation from the axis as a
function of amplitude of core oscillations (Y.B. NIM-A 618,
2010, p.37). (Red) model of Tom Wangler (RF Linear
Accelerators, Wiley, 1998)

T — A4+ Bln(u)

s
2
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LANL Beam Halo Experiment (2002)

Beam-profile diagnostics in red

52 quadrupole FODO lattice
RFQ- \

6.7 MeV \

\ —

Matching/mismatching
quads Q1 to Q4 Emittances obtained

from measured profiles
at Q20 and Q45
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LANL Beam Halo Experiment Lattice
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Wire and Scraper Beam-Profile Diagnostic to
Measure Beam Profile

e 33-micron carbon wire (too thin
to be visible in picture) measures
density in beam core above 10-3
level.

e Proton range=300 microns so
protons pass through wire and
make secondary electrons to
measure high density in beam
core.

e Pair of 1.5mm graphite scraper
plates in which protons stop. Can
measure proton density outside
beam core from 10-3 to 10-5.

e Data from wire and scraper
plates were combined to produce

a single distribution.
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Measured Beam Profile

Typical matched beam profile for 75 mA. (u=1,matched)

Shows Gaussian-like core plus low-density halo input beam, observed
out to 9 rms.

Linear Plot Semilog Plot
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Beam Emittance Growth

RMS EMITTANCE GROWTH AT SCANNER #20 - 75 mA - BREATHING

MODE
2.5
2
E
o
G
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£ 1 -
T ¥
[72)
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o 05 Theory Upper Limit - tune depression=0.82
- Theory Upper Limit - tune depression=0.95
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> 92
%@ Los Alamos
< NATIONAL LABORATORY

Y. Batygin - USPAS 2021



Test of Particle-Core Model
Measurements at Different Fractional Intensity
Levels (10%, 1%, 0.1%)

Comparison of Measured Beam Widths With Maximum Amplitude
From Particle-Core Model

700 - Scanner 20 - 75 mA - Breathing Mode

Max Resonant
6.00 {1 Amplitude Particle-
Core Model . ]

5.00
0.1% Level —
400 1 1.0%Level — 1

300 - 10% Level { }

2.00 - i

Beam Half Width/Matched Rms Size

1.00 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
. Mismatch Parameter (mu) 93
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Instability of Anisotropic KV Beam

even modes odd modes

KV Beam with unequal emittances in a
focusing channel with different focusing
strength in x- and y- directions

‘ NTv,/v, 5
f()(X,y 5P x ’p_\‘) = b - ) 5(H0.\'+ THO)._m’YV_\.Cl /2)
27 mya

Ratio of beam emittances:

€ Clex

ey b2 Vy

Beam cross sections for second, third and fourth order even and odd
modes ~schematic, with x horizontal and y vertical coordinates.

(I.Hofmann, 1998) 94
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Instability of Anisotropic KV Beam (cont.)

Perturbed distribution function £ £ (F  H( )+ £1(x.y.py Dy D)

Vlasov’s equation for perturbed beam distribution function

df1:3f1+Px 5f1+Py af1 , 91 2. 91

——— —ii Yy X —myv,y—
dt gt  my dx my dy 4 ap yV}'y&py
NTqv,/v, Jd Jd
5.2 3 Px&—‘l'pr—
2T m-y a X dy
X &' [pi+vix®+ T(pi%— viyz)—viaz]. (11)
Poisson’s equation for perturbed electrostatic potential created by
perturbed space charge density
q q
20 — _
Ve — =i _j fldpxdpy
€0 €0 95
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Instability of Anisotropic KV Beam

m—4/e\en m=4/odd m=3/odd m=4/even
Q @ ’ m=4/even m=4/odd m=3/odd m=4/even
L_EE <> .@ Q B 0.73
L 11 L - 0,63 10 - 0,63
Il 053 ] B 0.53
i I 0.43
il >10 betatron periods 023
» 0.6 / 0,13
2 0,03
= i 4.3 betatron periods
X 04 -2 /. 0.4
02 18 0.2
<2 betatron periods
1 O-O L l TV 7§V 770 ' L . R, l  BEE KRR R l LI LIS I L S ] l L L O-O
0 0.25 0.5 0.75 1 1.25 1.5 § 1745 0 0.25 0.5 0.75 1 1.25 1.5
kz/kx kz/kx
Stability chart for €,/¢,=0.5. Stability chart for €,/¢,=1.2.

Stability charts derived for KV beam with different transverse emittances in focusing
channels with different focusing strengths in two transverse directions. Charts are
applied to motion in RF field assuming one direction (x-) in transverse and another (z-)
is longitudinal.
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Instability of Anisotropic KV Beam

m=4/even m=4/odd m=4/even

10 Vl;llllllllllll

4-3 betatron periods
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0.6

0.8 /
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.....................

<2 betatron periods
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B o063
B 053
I 043
I 0838 ¢
[ 0,23 g
TR
0,13 =<
0,03

_ 0.2

0-0 lllllllllll|ll'lllllllll

0.75 1
kz/kx

0 025 05
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1:25 1.5

Stability chart for €,/¢,=2.0.
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Stability chart for €,/¢,=3.0.
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Instability of Anisotropic KV Beam

1.0 ] - ] o1y ] L. .| 073 0.8 . '
] I I 063 L\
08 : 1 SI?L 14—3 betatron periods - 0,53 075 ) :
g i ; /caseZ R = 0.7 } longitudinal
d o o 065}
« 06 ! s - EE 989 S
o . equipartition 023 € 06}
< ] |/ ’ =
B ok 4@ - 0,13 g 0557}
o 0,03 8 ©05¢F
- 1 A . i 5 0.45 } transverse
e —4 - 0. o N
] ' : 0.35 —
= [T Ol Ay [T LR TR [ D RE L vt | 0 0O 20 40 60 80 100 120 140 160 180
0 025 05 075 1 125 15 175 letigth T
kz/kx
Stability chart for €,/¢,=2.0. Rms emittance evolution for SPL lattice.
zl ©x
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0'75 J 0-8
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= oes| _ U S Case 2
R — ongituaina
£ 06} 2 0657}
£ i E 06F
0.55
£ :
5 05t Case 1 - E o055
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Rms emittance evolution
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Experimental Verification of Stability Charts

i - CEADBAAIS 0.90-
19 - Tt/Tz=1.0 —Et
R C.Plost et al, IPAC2013) - =
N (C.Plostinar et al, S on] &
\ ‘ ]
4 | - 1 £
b 1 - ’ { 06 £
Y I } iR A\ E 026
osif\ \ Al )y | A &
I\ il :‘v" @ 050 g 024
| 8 g E SOTLI5  BSM1
’ \ ; 5 o022 |
0.6 [ ! 04 MEBT+DTL SDTL ¢ Y
g 1 7 G a) i 0.20 - - - - - - T T
} | o 0 20 40 60 80 100 120 140
e i
k-4 { TS Position (m)
0.4 %
{ z' 0.30 -
H Tt/Tz=09 —Et
1l 0.2@ 5 —Ez
| o B 028
E
0.2 €
Iy o1 g 0.26 W
[ &
i\ g 024
e e E e e e S S e e, S o e e ey e e e 0 £ SOTL1S  BSM1
5 o022
MEBT+DTL SDTL ¢ ¢

020

Figure 2: J-PARC linac stability chart for an emittance PR R o™
ratio €,/¢,= 1.2. Dotted is the EQP line.

0.30 1

g . Tt/ Tz=0.7 :E‘z

Table 2: Measured emittance values at SDTLI1S. £ o M
TJ/T, & (m.mm.mrad) ¢, (m.mm.mrad) é /..»—v»/v‘Pv’\/_\
o MEBT+DTL - SDTL ‘l ¢
1.0 0.216 0.269 T I R B T i~

Position (m)
0.9 0.229 0.233 .
0.7 0.253 0.223 |

0.5 0.293 0.161 g o W
‘E . e MEBT+DTL e SDTL j ¢
Single-particle parametric resonances: R P

kzl kx = 2/3, 1, 2 (see Section 3, slide 86) z‘;ggsrckéf\dssirlr\}glr?;:(}i:;gt.tance evolution for the four test



Non-Uniform Beam Equilibrium

(b)
(a) 0.05 —————F—
YP-PROJ| E = 80.0
b*g = 0.013
Polarity: + 0.03 |- ' ' ' |
Scale: 200 | i : |
Al 3 e —
n e ) = /epics/1cs/dat > 000
S i HHHHHHI . : Y-PROJ ccr/emitdata.2 B I |
- B
d -0.03
005 L & . i .

" " 1 1 1 L
20 -15 10 -05 0.0 0.5 1.0 1.5 2.0
y (cm)

3.77 cm by 96.4 mr ENlipses: Tot Y-AXIS

Run:23845 Stn: IBEMO1-V

&5:0? 7 ﬁg;gct-z g%m
foi 12.762, 0.166 pi
1%;233.‘”0.022 pi
_ — 0’683
—_— 0.348
=—— : _§;‘{'8§ B
=—~ 07831 Tn
= 256(2)4776 e 9 gnts
= Vo,
=S e Beam *ﬂgu tE?E:hg i8%§5
_=— S]-it Pos = 1168 1725
_—— § SEI',,'_’QS= 82},, 1381

o)

a) Experimentally observed distribution of 80 keV H- beam, extracted from
LANL ion source,

b) modeling of the same beam with parabolic distribution function in 4D phase

space:

e

f= 10+

X+y P +p§)
2R,  2p,

> 100
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Non-Uniform Beam Matching in Transport Channel

Beam is matched with continuous (z-independent) focusing
channel, if beam distribution function f (x,p,,y,p,) is constant.

Self-consistent problem:

4f=af+8fdx+afdP 0
dt dt

Vlasov’ s Equation d ot gy a;
Poisson’ s Equation AU =_P
80
Solution:

1.Express distribution function as a function of constant of motion (Hamiltonian)
f = f (H). Distribution function automatically obeys Vlasov’ s equation:

& of oH
dt OoH ot

2. Substitute distribution function into Poisson’ s equation and solve it.
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Non-Uniform Beam Matching in Transport Channel
(cont.)

Two formulations of the self-consistent beam matching problem:

1. The beam distribution function is known (for example, of the beam
extracted from the source). The problem is to find focusing potential, which
maintains this distribution in the channel:

f (.x, Pxs Y, py) —> Uext (X,)’)

2. Potential of the focusing structure is given. The problem is to find the
beam distribution function, which is maintained in focusing structure:

Uext (X,)’) _)f(x,pX9 yap}")

More info:

Y.B. Phys. Rev. E Vol. 53, No. 5, 5358, 1996;

Y.B. Phys. Rev. E Vol. 57, No. 5, 6020, 1998
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Equilibrium of a Gaussian Beam

L —

401074 |-

Beam with Gaussian distribution function

2 2
Px =P
f=f, exp(-2 2 L
R 2 pg -2.01074 —

-4.01074 |-

201074 |-

x2+y?2

0.010% |

/ me

6010 )
’ - - -1 1

L : _ , o -
Time-independent Vlasov' s equation me2 1 (xp + ypy) =B (. 9% 4 p, Y
, - 4 ¥ g4 0x ay
- 2 x% +
Total potential ~ U(xy) = mfl‘ %84 ( . Y7 5
R o~ i
" \
Total field Em;=-mgz A g’ r 0 5 Space Charge Field T
Y R4
AN i
Space-charge ur -tr \ T Jothl Field
field oUp I 1 2 \ \\
Ep =- = L[1-exp(-2L2)] -2 N ~
or 2meoBc T R2 - - TT— [N\
i ) i = Focusing|Field -
Required focusing field 197} P I I I N
2 2 5 00 05 1.0 15 20 25 3.0
Epy=-MC~ [E°7 42 L R (] _gxp(-2I2))]
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On Equilibrium of a Gaussian Beam

0.002
e N Y k{:.:" A
' Sh,
o0.000 i i
{2 e
SRR oo thae
-0.002
-0.2 0 02 0.2 ] 02
X X, CM
0.002 0.002
#0.000 p0.000 FIG. 7. Mismatching of the Gaussian beam in
the linear focusing channel (left column) and
— matching of the same beam with the nonlinear
: =00 focusing channel (right column).
-02 ] oe
X, CM
0.002 0.002
e .4
}0.000 K 0.000 Ry et
R s 4
R A0S1) i }"‘,’:‘.
-0.002 -0.002
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Equilibrium of the Beam with “Water Bag™ and
Parabolic Distributions

o 2 [x24+yE pitp? Parabolic
WB distributionin = 7 = = . 5 iRl g OOV 2+y2  p2+p?
? ‘ 2 p .- ? - 4 X )‘
phase space B Po d:;rs'zu;'oancg‘ f=fo\ 1= S~ 3,2
2 (x2+y* pitp; P P
f=0, = —+ ——2|>1.
3 R Po
1. 2 Space charge . OB gy, =
Space charge p(r) =52 ( 7. %RZ) pac g P~ 3 e AR ‘11— R
density 3TBcR”\ 3R” density
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Equilibrium of the Beam with “Water Bag” and
Parabolic Distributions

15 [ —1— 15 F —
0.5 E ’/ Space Charge| Field 05 g Spae Chards Figld
4 é\. g : —

- ~— 5 ; ~._ | Total Field

o 05 f = ~_ & 05 f N T
ik - \\ Total Fie)Jd T -1 3 AN s |
43 = 15 [ By
2t \\ P \E\owsirmg Field
25 ffocuingleld™~_ | 25 Bttt

0 02 04 06 08 1 12 0 020406 08 1 12 14
'R IR

FIG. 4. Total field of the structure E [Eq. (12)], required ex-  FIG. 5. Total field of the structure Eo [Eq. (12)], required ex-
ternal focusing field E,, [Eq. (21)] and space-charge field E,, [Eq. ternal focusing field _Eext [Eq. (25)1 an.d sPace—charge field E, [Eq.
(20)] of the beam with ‘‘water bag’” distribution. (24)] of the beam with parabolic distribution.
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Focusing by Opposite Charged Particles (Plasma Lens)

Required potential distribution can be created by introducing inside the transport channel an
opposite charged cloud of particles (plasma lens) with the space charge density:

2
Pt =po exp(-272) 4 &
R?> 2mc R*?

1.2 : l l I l l
0\ ‘
0.8 \

0.6 i \ |
0.4 B \ Focusing Beam 7]
A
- - . \EMEE]_SLPCH ]ISeaml .

00 05 1.0 1.5 20 25 3.0

p(r)

/R
Charged particle density of the transported beam

with Gaussian distribution, and of the external

focusing beam .
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Quadrupole-Duodecapole Focusing Structure

@ Ucoswt
Potential of the uniform four vanes
FIG. 6. Proposed four vane quadrupole structure with a duode- structure:
capole field component [5]. [ Gy - Ge ; :
U(r.p,t)=|—4r"cos2¢+ o | cos 6¢ | sin wyt,

The electrical field of the structure is given by
l-::(r,<p,t) =[— ;,( G,r cos 2‘,0+G6rscos 6¢)
ik ;(p(Gzr sin 2¢+ G¢r°sin 6(%%5111 wol .
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Effective Potential of Quadrupole-Duodecapole

Focusing Structure

an effective scalar potential of the structure [6]

- q Eé(f)

Uegt7)=

(6.3)

‘ 2
dmy o,

which describes the averaged motion of particle. For the con-
sidered structure, the effective potential is

Py S 2
mc” uo |1
Uext(_r,cp)zTF §r2+§r6cos4cp+?r1° ,
(64)

where uq 1s a smooth transverse oscillation frequency and ¢
1s a ratio of field components:

qG,\?

ILL(): = = é’:
V8amc?\y

0|9

: (6.5)

5.
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22 bl

FIG. 7. Lines of equal values of the function C=3
+ {rbcos 4o+ (£%12)r!° for (=—0.03: (a) C=0.05. (b) C=0.25,

(c) C=0.5. and (d) C=0.85.
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Space-Charge Density of the Matched Beam

The space charge distribution of a matched beam can be Z20 3
. . s . . x {10
derived from Poisson’s equation via a known space charge 25 ETTTT 05 E 2 com
potential of the beam Ls 1 04 |
2 o0: = ) — -
AUy=—2 AU 4200 il T Lok
g — / { — s § { =f r 1 @ IR S — 2 e -
Pb €©AUp=71,57 ext - .20) 5 (EER 04 |
Application of Eq. (4.26) gives an expression for the self- 25-2-1.5-1-0500.5 1 1.5 2 2.5 2.5:2-1.5-1-0.50 0.5 1 1.5 2 2.5
. 5%y of g . - x (cm) X (cm)
consistent space charge distribution of the beam in the struc-
mare: z=50 cm
ol c 2.8 b 25 g ; “0-}—
pr=pol1+10{r*cos 4o +25(°r°), (6.6) | 5 ] i SOk B
. = 1 { 04
1E =
5 +2 ) SO By 1 &%
2y~ mcT €yMg ) ;_og? a O
1) i ———— 5 (6.7) ~ E , 502 f
(L3} g S 15 E 7 04 =
-2.5-2-1.5-1-050051 15225 -2.5-2-15-1-05005115225
x (cm) X {(cm)
z=100 cm
v10”
23 g = [
E £ 2 NP1 =1 05 E
2 = 15§ ] 04 =
5 >, 1E i =
E i g b H &>
—~ 3 1 = 0 -
- E = C
"1 H 2ok
1.5 04
= /) || N 3
2 B < =< [ 2
2.5 07 AT PP PO P PPOY PPN 1PN PP 0 -0.6 7 TS| R P IR IR T B )
-2.5-2-1.5-1-050051 15225 2.5-2-1.5-1-05005 115225
x (cm) x {(cm)
. . =i s . i FIG. 9. Emittance conservation of the 150 keV. 100 mA.
FIG4 8. Sil.f-."C’OISISISteIIt pamcle dlS'[l‘lbllltlon e 0(1 0.067 em mrad proton beam with a matched distribution function
+10{r“cos 4¢+25{°r°) of the matched beam in a quadrupole (6.14) in a four vane quadrupole structure with field gradient G,
channel with a duodecapole component with parameter ¢ =48 kV/em” and duodecapole component Ge= — 1.3 kV/em®.

110

= —0.03: (a) without truncation. (b) with truncation.
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FODO Quadrupole - Duodecapole Channel for
Suppression of Halo Formation

2 10
Effective potential of quadrupole- Co, T r
p q p U, :(uoﬂ Pt o cos 40+ ]
duodecapole structure: € L 9)
. . G6
Ratio of field components ¢=—
G,
B abcd
M ARERY/AAY)
] F /] 4
T 05} b f
> 05 _ \\ N //7
O I T S S NERNNZ
z/L 15§ -
. . “215105005 1152
FODO channel with combined safer)
quadrupole G,(z) and duodecapole e ka5 o e . s
. 7. 7. Lines of equal values of the function C=5r"
Gg(z) field components + £r5c0s 4o+ (2P for £=—003: (2) C=005, (b) C=0.5,
(c) C=0.5, and (d) C=0.85.
(Y.B. et al NIM-A 816, 2016, p.78-86)
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Suppression of Halo Formation

Quadrupole

N=0

1104}

21074k

-31074

210 N=I16
YD -1X((():m)1 o5 -3
Beam energy 35 keV
Beam current 11.7 mA
Beam emittance 0.05
FODO period 15 cm
Lens length 5cm

Quadrupole field gradient 0.03579 T/cm

Channe

31074
2107+
11074

1] 8

Quadruple-Duodecapole Channel

FODO Quadrupole - Duodecapole Channel for

g
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Quadrupole field gradient 0.03579 T/cm
Duodecapole component Gg = -1.76e-04 T/cm?®
adiabatically decline to zero at the distance of 7
periods. Numbers indicate FODO periods.
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Suppression of Space Charge Induced
Beam Halo Formation

0.020 — 71 r T T 1 - 1 ' 1 ™ 1T * T ™ T °* 1
0.015p | | S (S —
'NQ
.
~ 0.010 ¢
0.005 | |k 19 L) ] L4
0.000 1) b ﬂ L A\ S (e PR | | T B
O 10 20 30 40 50 60 70 80 90 100

N

Fraction of particles outside the beam core

2.54<x>> x 2.54<y’>> as a function of FODO

periods: (blue) quadrupole channel, (red) quadrupole-

duodecapole channel.
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Particle Studio Simulation of Halo Formation
in Quadrupole Channel
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Particle Studio Simulation of Halo Supression
in Quadrupole-Duodecapole Channel
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Final Particle Distributions in Focusing Channels

Quadrupole Channel

Clup to range: (20256, 41445)
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Quadruple-Duodecapole Channel
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